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References [1-3] are  devoted to the problem of the propagation of s t rong discontinuity surfaces  in an 
elast ic  media. An incompress ib le  medium is studied in [1], while [2, 3] consider  an elast ic  body with a 
quasi Hooke's  law relating s t r e s s e s  and the components of the Almansi s t rain.  In the present  paper we 
analyze the possibili ty of longitudinal shock waves in a medium with an elast ic  potential which can be wri t-  
ten as a ser ies  in the principal invariants of the Almansi s t ra in  tensor .  We study the effect of pre l iminary  
s t ra in .  The propagation of a pure t r ansve r se  shock wave is shown to be possible for shear  deformations 
in front of a s t rong discontinuity sur face .  The thermodynamic compatibil i ty condition [2] is satisfied iden- 
t ically on the shock wave, and the velocity of propagation of a s t rong tangential discontinuity surface does 
not depend on the magnitude of the wave vector .  

We assume that a s trong discontinuity surface S moves with velocity G in a space filled with an elas-  
tic medium. We choose a fixed rec tangular  reference  sys tem xl, x2, x3 with the x 3 axis along the direction 
of the outward normal  to S. All equations will be wri t ten in this coordinate sys tem.  

1. We consider  an elast ic  body with a potential w, which can be writ ten in the form 

W =  ~ AtmnJltJ~mJzn , A/mn.=coast, (1.1) 
t,m,n 

J1 = elct:" J~ = 1/2 (%keji - -  e~.fii)' Ya = I eii l, 2ezy = % j q- us, ~ --  %, P~, j (1.2) 

Here the u i a re  the components of the displacement  vector ,  the eij a re  the components of the Almani 
s t ra in  tensor ,  and the A/m n are the elast ic  moduli. 

The s t r e s s e s  and s t ra ins  are  re la ted by [4] 

a'~i = p / ?o {(W1 -}- W~J1 + W J 2  - -  2WzJs) 5iJ - -  (2W1 -~- W~ + 2J1W 2 -~ W3J1) eij .q- (2W 2 q-- W3) ei~kt~j} (1.3) 

w ~ = o w / o s  k (~=1. ~. 3), p = % ( l - z J l + 4 J ~ - s J 3 ) v '  

where p and P0 are ,  respect ive ly ,  the densities of the body in the flowing and initial s ta tes ,  and W is the 
elast ic  potential. 

Let  S be a longitudinal shock wave. Then the geometr ic  and kinematic compatibil i ty conditions [5] 

take the fo rm 

[% j] = %5~a, [Ou~/Ot] = - -  G% (1.4) 

[ui . j]=Blxi i ,  IOn i / O t ] = - G B S ~ a ,  ~1i=5135ia' B=o) a (1.5) 

Here w i is the wave vector ,  1B I is the strength of the longitudinal wave, and [p] = p - - p + ,  where p -  
and p+ are ,  respect ively ,  the values of p behind and in front of S. 
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Let  

The n 

(1.7) 
e~ ~ = (x -- lhx~) ~! = c~ii 

On a shock wave Eq. (1.4) m u s t  be s a t i s f i e d  and , in  addi t ion  c o n s e r v a t i o n  of m a s s  and  m o m e n t u m  [5] 

and  a t h e r m o d y n a m i c  inequa l i ty  [2] m u s t  hold 

[p(}] = O, [POvd = - -  [~al ,  (1 = , ~  _ % (1 .8 )  

p+ (O+)~ [W, l < [~1 (1/~ [%1 + ~+) (1.9) 

where  W'  is  the e l a s t i c  po ten t ia l  per  un i t  vo lume of the de fo rmed  body in  f ron t  of S. 

F o r  a long i tud ina l  shock wave Eqs .  (1.8) and  (1.9) s imp l i fy  to 

[pO] = o, p+O + lye] = - [ ~ l ,  ~+ = po (I - z) (1.10) 

2 (t -- x) (1 -- x -- B) [W] ~ B ([z M + 2z~a +) (1.11) 

Using (1.5) we f ind f r o m  (1.1), (1.2), (1.6) and (1.7) 

levi] = ( B  - -  B x  - -  1 / zB~}  ~ . ~  = a t x i j ,  [p] = -- poB 

[J~l=a, [ J~l=[Ja]=0 '  [J1 kl=(a-t-c) k - c  ~=cp k = a ~  

( t - - x - - B ) [ v a ]  = - - G B ,  'an= Anoo' ~n~Anlo' %=%.=0 

(1.12) 

Taking  accoun t  of (1.12) we ob ta in  f r o m  (1.3) 

( 1 . 1 3 )  

Subs t i tu t ing  (1.12) and (1.13) into (1.10) and (1.11) we find 

p + a :  = ,1 -- x -- B) ~ net n {(1 - -  x - -  V ,~B)  (1 -- x -- B) (q~n-1 -- 2~n) -- (l -- x) 2 c ~-1} 
n~2 

(1.14) 

a n {(1 - -  x - -  B)  (1 - -  x ~ -  n B )  T n  - -  X / ~ B n  ( t  - -  x - -  B )  ~ n - - I  " -  a n  ( i  - -  z )  ~ c n - I }  ~ 0 

n~2 
(1.15) 

It  follows f r o m  (1.14) tha t  the ve loc i ty  of a long i tud ina l  shock wave p ropaga t ing  in  a n  e l a s t i c  body 
u n d e r  condi t ions  (1.6) is  d e t e r m i n e d  so l e ly  by the e l a s t i c  modul i  a n .  Only these  coef f ic ien ts  e n t e r  i n -  
equa l i ty  (1.15). The cons tan t s  Bn a lso  effect  the va lues  of [(rll] and [(~22 ]. None of the r e m a i n i n g  e l a s t i c  
modul i  )kij k f r o m  (1.1) affect  the p r o b l e m  unde r  c o n s i d e r a t i o n .  

It follov~s f r o m  Eqs .  (1.14) and (1.15), which m u s t  be  s a t i s f i e d  on a shock wave of a r b i t r a r y  s t r e n g t h ,  
tha t  for  a c e r t a i n  fixed value  of B the re  ex i s t s  an  x = x ,  such that  for  x > x ,  e i t h e r  inequa l i ty  (1.15) is not 
s a t i s f i ed  or  t he  squa re  of the ve loc i ty  of the shock wave G 2 in  (1.14) b e c o m e s  nega t ive .  Cons ide r ,  for  ex- 
a m p l e ,  the p ropaga t ion  of weak long i tud ina l  c o m p r e s s i o n  shock waves  in  an  e l a s t i c  body with a f i v e - c o n s t a n t  
Murnaghau  potent ia l  [4] (a  n = 0  for  n ~ 4 ,  I B l < < x ) , i f x - >  0.1. Since c~ 2 > 0, w h e n ~ 3  < 0 w e  f i n d x .  = 
0.225; i . e . ,  only for  x _< 0.225 can  weak shock waves propagate  in  the body.  If ~3 > 0, x .  = 0.225 + #, where  

g depends  on the r a t io  ~3/G~2. 

2. We c o n s i d e r  the pos s ib i l i t y  of the prol :ugat ion  of a s t r o n g  d i s con t inu i ty  su r f ace  S on which [Ji] = 
[J2] = [J3] = 0 in  an  e l a s t i c  body with the po ten t ia l  (1.1). We note that  c e r t a i n  f o r m s  of s t a t i c  d e f o r m a t i o n s ,  
which a r e  poss ib l e  i n  any i n c o m p r e s s i b l e  e l a s t i c  body when the i n v a r i a n t s  of the s t r a i n  t e n s o r  a r e  con-- 
s t a n t s ,  a r e  propounded in  [6]. 
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We a s s u m e  tha t  u~3 = z ,  u+,3 : y ,  and  a l l  o t h e r  u -+. = 0. Us ing  (1.4) and  (1 ~ we ob t a in  f r o m  the cond i -  iJ 
t ion  tha t  J t ,  J2, and J3 a r e  c o n s t a n t  in  p a s s i n g  th rough  S 

~o 3 = 0 ,  ( ~ 4 - z )  2 4 - ( c % + y ) ~ = z  24-y~  (2.1) 

I t  fo l lows  f r o m  th i s  tha t  the end of the wave v e c t o r  m u s t  l ie  in the (wl, co2) p lane  on a c i r c l e  of r a d i u s  
(z 2 +y2) l /2wi th  i t s  c e n t e r  a t  the po in t  ( - z ,  - y ) .  Taking  a c c oun t  of  (1.4) and (2.1) we f ind fo r  v e l o c i t y  d i s -  

c o n t i n u i t i e s  

[vii = -- G ~1, Ivy] = -- aw~, [v 31 = 0 (2.2) 

and  fo r  s t r e s s  d i s c o n t i n u i t i e s  we have  f r o m  (1.3) 

[%3]=Q(% ( ~ i ,  2), [633 ] = 0 ,  4 d = - - ( x  ~.4-y~.) 

= - -  /A/too( ) 4- ~ mAimo(2d)! 
l=l  I--~0 

7tt ~1) m ~ l  

T a k i n g  accoun t  of  (2.2) and (2.3) we ob ta in  f r o m  the d y n a m i c  c o m p a t i b i l i t y  cond i t i ons  (1.8) 

oG 2 = Q 

Since  [W] : 0 and  

(2.4) 

[~i31 ([zi~] -4- 2~+z) = Q2 (r 4- ~o~ + 2 zoo 1 + 2 y(o,) = 0 

the  t h e r m o d y n a m i c  c o m p a t i b i l i t y  c o n d i t i o n  (1.9) i s  s a t i s f i e d  i d e n t i c a l l y  on the t a n g e n t i a l  s t r o n g  d i s c o n t i n -  

u i ty  s u r f a c e .  

Thus  the t r a n s v e r s e  wave  is  a d e g e n e r a t e  shock  wave  s i n c e  i t ,  l i ke  a sound w a v e ,  i s  not a c c o m p a n i e d  
b y  an e n t r o p y  d i s c o n t i n u i t y .  In a d d i t i o n  i t  fo l lows  f r o m  (2.4) tha t  the v e l o c i t y  of a t r a n s v e r s e  shock  wave  
does  not d e p e n d  on i t s  s t r e n g t h  bu t  i s  d e t e r m i n e d  by  the e l a s t i c  modu l i  A l m  a and the v a l u e s  of  the s h e a r  
d e f o r m a t i o n  in  f r o n t  of  the wave .  The s t r e n g t h  of th is  wave  c a n  v a r y  f r o m  0 to - 8 d .  F o r  z = y = 0 the 
e q u a l i t y  ~01 = co2 : 0 m u s t  be s a t i s f i e d ,  i . e . ,  a t r a n s v e r s e  s h o c k  wave  canno t  p r o p a g a t e  in  a n  e l a s t i c  body  in 
the a b s e n c e  of  a s h e a r  d e f o r m a t i o n  in  f r o n t  of S. 
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